Abstract Homogeneous flow model is used to study the flow and heat transfer of carbon nanotubes (CNTs) along a flat plate subjected to Navier slip and uniform heat flux boundary conditions. This is the first paper on the flow and heat transfer of CNTs along a flat plate. Two types of CNTs, namely, single-and multi-wall CNTs are used with water, kerosene or engine oil as base fluids. The empirical correlations are used for the thermophysical properties of CNTs in terms of the solid volume fraction of CNTs. For the effective thermal conductivity of CNTs, Xue (Phys B Condens Matter 368:302-307, 2005) model has been used and the results are compared with the existing theoretical models. The governing partial differential equations and boundary conditions are converted into a set of nonlinear ordinary differential equations using suitable similarity transformations. These equations are solved numerically using a very efficient finite difference method with shooting scheme. The effects of the governing parameters on the dimensionless velocity, temperature, skin friction, and Nusselt numbers are investigated and presented in graphical and tabular forms. The numerical results of skin friction and Nusselt numbers are compared with the available data for special cases and are found in good agreement.
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Introduction
Due to low thermal conductivity of heat transfer fluids used in power generation, microelectronics cooling, chemical production, refrigeration and air-conditioning, transportation, and many other applications., it is necessary to enhance effective thermal conductivity of these fluids to improve heat transfer rate. One of the techniques, to enhance effective thermal conductivity of these heat transfer fluids, is to add nanoparticles or nanotubes in the base fluids. After Choi and Eastman (1995) and Choi et al. (2001) , it has been proved experimentally by many researchers (Masuda et al. 1993; Das et al. 2003; Pak and Cho 1998; Xuan and Li 2003; Eastman et al. 2001; Mintsa et al. 2009 ) that even with small solid volume fraction of nanoparticles (usually less than 5 %), the thermal conductivity of heat transfer fluids can be enhanced by 10-50 %. These studies have been reviewed by Trisaksri and Wongwises (2007) , Wang and Mujumdar (2007) , Eastman et al. (2004) , and Kakaç and Pramuanjaroenkij (2009) , among others. Carbon nanotubes (CNTs), due to cylindrical carbon molecules origin, are found to have special thermal properties with very high thermal conductivities. The diameter of CNTs ranges from *1 to *100 nm and has lengths in micrometer. The thermal conductivity of single-wall CNT up to 6,600 W/mK and for multi-wall CNT up to 3,000 W/m K has been reported in Hone (2004) and Antar et al. (2012) . Ding et al. (2006) investigated the heat transfer behavior of CNT nanofluids flowing through a horizontal tube. They observed significant enhancement of the convective heat transfer and found that the enhancement depends on the Reynolds number and solid volume fraction of CNTs. Kamali and Binesh (2010) numerically investigated the convective heat transfer of multi-wall carbon nanotube (MWCNT)-based nanofluids in a straight tube under constant wall heat flux condition. They solved Navier Stokes equations using the finite volume technique considering CNT-based nanofluids using power law model. They found that the heat transfer coefficient is dominated by the wall region due to non-Newtonian behavior of CNT nanofluid. Meyer et al. (2013) investigated experimentally the convective heat transfer enhancement of aqueous suspensions of multi-walled CNTs flowing through a straight horizontal tube. They determined the heat transfer coefficients and friction factors as a function of Reynolds number. They found that heat transfer was enhanced when comparing the data on a Reynolds Nusselt graph and the increase in viscosity was four times the increase in the thermal conductivity. Wang et al. (2013) experimentally investigated the heat transfer and pressure drop of nanofluids containing CNTs in a horizontal circular tube. The friction factors of the dilute nanofluids were found to be in good agreement with the prediction from the Hagen-Poiseuille flow theory. They also found a considerable enhancement in the average convective heat transfer compared with the distilled water. They showed that the nanofluids at low concentration enhance the heat transfer with little extra penalty in pump power. Kumaresan et al. (2012) reported an experimental study on the convective heat transfer characteristics of a secondary refrigerant-based CNT nanofluids in a tubular heat exchanger. They found *160 % enhancement in the convective heat transfer coefficient for the nanofluid containing 0.45 vol% MWCNT and the negligible enhancement in the friction factor at higher velocity and higher temperature for the nanofluids with 0.15 vol% MWCNT. Hong et al. (2007) reported that the thermal conductivity of the heat transfer nanofluids could be enhanced by the external magnetic field. These nanofluids contain CNTs and magneticfield-sensitive nanoparticles of Fe 2 O 3 . They also found that the time to reach the maximum peak value of TC is increased as the applied magnetic field is reduced. Liu and Liang (2010) developed a new kind of aqueous drag-reducing fluid with CNTs. This has both special effects of drag-reducing and heat transfer enhancement. They conducted experiments and investigated the forced convective flow and heat transfer characteristics of conventional drag-reducing fluid. They found obvious differences of the heat transfer characteristics between both fluids and concluded that the new nanofluid has strong dependences on the liquid temperature, the nanoparticle concentration and the CTAC concentration.
The objective of the present study was to analyze the flow and heat transfer of CNT nanofluids along a flat plate. A similarity solution is obtained which depends on Prandtl number, solid volume fraction of CNTs and Navier slip parameter. The dependency of the skin friction and the local Nusselt numbers on these parameters is numerically investigated. To the best of our knowledge, the results of this paper are new and they have not been published before.
Theoretical models for effective thermal conductivity
Several theoretical models, capable of predicting the effective thermal conductivity enhancement of CNT suspensions, are available in open literature. All of these models are based on Fourier's law of heat conduction. Maxwell (1904) proposed an explicit relation for the effective thermal conductivity in terms of the thermal conductivity ratio, a = k CNT /k f , and the volume fraction /:
Considering higher orders of volume fraction, Jeffery (1973) and Davis (1986) proposed the following theoretical models
and
respectively, where k = (a -1)/(a ? 2). The higher order terms represent pair interactions of randomly dispersed spheres. For low-volume fractions, the above three models result nearly identical predictions of the effective thermal conductivity. Furthermore, these models do not compensate for the shape factor of the particles. Hamilton and Crosser (1962) developed a theoretical model which accounts for the shape factor of the particles
where n is the shape factor of a particle given by n ¼ 3=u x ; where u ¼ 1 for spheres and 0.5 for cylinders and x ranges from 1 to 2. When u ¼ 1; the Hamilton and Crosser (HC) model reduces to Maxwell model. Choi et al. (2001) shows that for cylindrical shape particles the HC model (n = 6) significantly underestimated the experimental data by showing a very minor increase of about 10 % for 1.0 vol% nanotubes in oil in comparison to the 160 % experimental enhancement in the thermal conductivity. Xue (2005) noticed that the existing models are only valid for spherical or rotational elliptical particles with small axial ratio. Furthermore, these models do not account for the effect of the space distribution of the CNTs on thermal conductivity. Xue (2005) proposed a theoretical model based on Maxwell theory considering rotational elliptical nanotubes with very large axial ratio and compensating the effects of the space distribution on CNTs
In this study, we have employed Xue (2005) model to determine thermal conductivity and the dimensionless heat transfer rates of nanofluids. In the next section, we will develop the mathematical model to investigate the skin friction and the dimensionless heat transfer rates of different nanofluids. In ''Numerical method'' we will discuss the numerical approach to solve the proposed model. Finally, we will present the physical interpretation and significance of our results.
Mathematical model
We consider the two-dimensional flow over a flat plate with heat transfer in a water/oil-based nanofluids containing single-and multi-wall CNTs. The plate surface is subjected to a uniform surface heat flux. The flow is assumed to be laminar, steady, and incompressible. The base fluids and the CNTs are assumed to be in thermal equilibrium. The slip between nanofluids and the plate surface is included in the hydrodynamic boundary condition. The viscous dissipation and radiation effects are neglected in the energy equation. The ambient temperature is assumed to be constant. Using order of magnitude analysis, the standard boundary layer equations for this problem can be written as follows:
where u and v are the velocity components along the x-and y-axes, T is the temperature, m nf and a nf are the effective kinematic viscosity and thermal diffusivity of nanofluids, respectively. The effective properties of nanofluids may be expressed in terms of the properties of base fluid and carbon nanotubes, and the solid volume fraction of CNTs in the base fluids as follows:
where k nf is the thermal conductivity of the nanofluid (see Eq.5), ðqc p Þ nf is the heat capacity of nanofluid and / is the solid volume fraction of nanofluid. The hydrodynamic and thermal boundary conditions for the problem can be written as
where c is the slip parameter and U 1 is the free stream velocity. We look for a similarity solution of Eqs. (6), (7), (8), (9) and (10) of the following form
where g is the similarity variable and Re x ¼ U 1 x=m f is the local Reynolds number based on the free stream velocity and the kinematic viscosity of the base fluid. The stream function W is defined as u ¼ oW=oy and v ¼ ÀoW=ox: Employing the similarity variables (11), Eqs. (6), (7) and (8) reduce to the following nonlinear system of ordinary differential equations:
1 Pr
subjected to the boundary conditions (10) which become
Here, primes denote differentiation with respect to g, Pr = (l c p ) f /k f is the Prandtl number of the base fluid and b ¼ U 1 c=m f is the dimensionless slip parameter. The physical quantities of interest are the skin friction coefficient C f and the local Nusselt number Nu x , which are defined as
where the surface shear stress s w and the surface heat flux q w are given by
with l nf and k nf being the dynamic viscosity and the thermal conductivity of the nanofluids, respectively. Using the similarity variables (11), we obtain
Numerical method An efficient finite difference method along with shooting technique has been employed to solve the coupled nonlinear ordinary differential Eqs. (12) and (13) subject to the boundary conditions (14) for different values of governing parameters including Prandtl number Pr, velocity slip parameter b and CNT volume fraction /. The boundary value problem is first transformed into an initial value problem (IVP). Then, the IVP is solved by a systematic guessing for f 00 (0) and h 0 (0) until the boundary conditions have been at 1; asymptotically decay to zero. The step size Dg ¼ 0:001 is used to obtain the numerical solution with g max = 7 to ensure the convergence in each case, where g max is the finite value of the similarity variable g for the far field boundary conditions.
Results and discussion
The flow and heat transfer of single-and multi-wall CNTs in three different base fluids have been investigated. The governing partial differential equations and the corresponding boundary conditions are converted into a set of nonlinear ordinary differential equations and these equations are solved numerically. Thermophysical properties of base fluids and CNTs are presented in Table 1 . The variation in the thermophysical properties of different nanofluids with solid volume fraction of single-and multi-wall CNTs is shown in Table 2 . The percentage increase in the thermal conductivities of different nanofluids can be predicated from Table 2 . For example, the enhancement in thermal conductivity of 0.04 % SWCNT or MWCNT in oil is 83 and 77 %, respectively. It is clear that the density and thermal conductivity increase whereas heat capacity decreases with the solid volume fraction for each CNT. It is observed that water-based CNTs have higher densities and thermal conductivities than kerosene-or engine oil-based CNTs. This is due to higher density and thermal conductivity of water as shown in Table 1 .
In the absence of slip, the reduced Nusselt number for pure fluids is given by Kays and Crawford (2005) which is expressed as
The present numerical values of Nusselt numbers for pure fluids are compared with Eq. (18) in Table 3 and are found in an excellent agreement. Table 4 illustrates the variation of skin friction and Nusselt numbers with solid volume fraction and slip parameter for different nanofluids. It is observed that due to higher density of single-wall CNTs, the skin friction is higher than multi-wall CNTs with all base fluids. Furthermore, the skin friction increases with solid volume fraction due to increase in density of both CNTs and decreases with slip parameter due to increase in the velocity at the surface in all cases. Unlike skin friction, a large enhancement in the dimensionless heat transfer rates with the solid volume fraction and slip parameter could be observed in all nanofluids.
The effects of the governing parameters on the dimensionless velocity, temperature, skin friction, and Nusselt numbers are investigated and presented in Figs. 1, 2, 3, 4 and 5. Figure 1 illustrates the effects of solid volume fraction of both CNTs and velocity slip parameter on the dimensionless velocity for three different base fluids. In the absence of slip velocity, the dimensionless velocity at the surface is found to be zero and it increases with velocity slip in all three cases. Within the hydrodynamic boundary layer, the velocity increases with the solid volume fraction of each CNT and approaches to the free stream velocity with the same boundary layer thickness for all the three fluids. The dimensionless surface temperature decreases with an increase in the solid volume fraction of both CNTs and the velocity slip parameter, as shown in Fig. 2 . This is due to increase in thermal conductivity of CNTs with the solid volume fraction and increase in velocity with the slip parameter. As expected, the thermal boundary layer thickness decreases with an increase in Prandtl numbers. This is obvious from Fig. 2a-c. The thermal boundary layer thickness of kerosene (Pr = 21) is in between water (Pr = 6.2) and engine oil (Pr = 6450).
The variation of skin friction with solid volume fraction of both CNTs and Navier slip parameter is shown in Fig. 3a -c for three different base fluids. Due to increase in density of CNTs with solid volume fraction, the skin friction increases with solid volume fraction and decreases with Navier slip in all three cases. In the absence of Navier slip, the skin friction is found to be highest for SWCNTs and it decreases with an increase in Navier slip in each case. It is important to note that, in the absence of slip, the skin friction for pure fluids is found to be 0.332 which could be found in any fluid mechanics or heat transfer text book. Figure 4 shows the variation of Nusselt number with solid volume fraction of both CNTs and Navier slip for all three base fluids. Due to increase in thermal conductivities of each CNT with solid volume fraction, Nusselt numbers also increase with solid volume fraction. In the absence of Navier slip, Nusselt numbers are lower and they increase with an increase in slip in each case. This is due to an increase in velocity at the surface. All nanofluids show remarkable increase in heat transfer rate due to higher values of Prandtl numbers and thermal conductivities.
A comparison of different theoretical models of thermal conductivity is presented in Fig. 5 for SWCNTs with different base fluids. The measured enhancement in heat transfer rate using the Xue (2005) thermal conductivity model for 0.05 %vol SWCNT in water is 186 %, whereas the enhancement predicted by HC model is 54 % and the enhancement predicted by the other three models is nearly 25 % (see Fig. 5a ). A similar comparison for the keroseneor engine oil-based SWCNT can be made from Fig. 5b and c, respectively.
Conclusions
The present study investigates the flow and heat transfer of nanofluids along flat plate with Navier slip velocity boundary condition. It is concluded that 1. The effect of slip parameter is to reduce friction and increase heat transfer rate. 2. The skin friction and heat transfer rates increase with CNT volume fraction. 3. Engine oil-based CNTs have higher heat transfer rates than water and kerosene-based CNTs. 4. Kerosene-based CNTs have higher skin friction than engine oil and water-based CNTs.
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